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ABSTRACT: Using holographic models where chiral symmetry is broken through IR b.c.'s, 
we determine a novel set of relations between QCD matrix elements. In particular, we find 
that the amplitudes of the three processes tttt — > tttt, 77 — > tttt and 7 — > tttttt involve a single 
scalar function h(Q 2 ) given by a suitable 5D integral of the EoM Green's function. In a 
phenomenological analysis of 77 — > tttt we find an overall agreement with the experimental 
\& cross section for a broad range of energy. Moreover, the polarizabilities at low energies show 

a fair agreement between the holographic approach, previous computations and experiment. 
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1 Introduction 

Inspired by a holographic analysis of the axial-vector-vector (^41/y) and left-right (LR) 
quark current Green's functions [1], several investigations have been devoted to the possi- 
ble interplay between the anomalous and even intrinsic-parity sectors of Quantum Chro- 
modynamics [2-8]. In a recent study [9], using holographic models where chiral symmetry 
is realized nonlinearly through boundary conditions (b.c.'s) [10-13], we derived a series of 
novel form factor and low-energy constant (LEC) relations in the limit of large number of 
colors Nq —> 00 [14]. Here we continue along that line, and extend the analysis to scat- 
tering processes, going beyond the realm of static properties (mass spectra and couplings) 
and facing the more difficult dynamical problem of two-body scattering amplitudes. We 
focus on 7T7r-scattering and on the radiative processes 77 — > tttt and 7 —> 3tt, finding that 
it is possible to describe the three amplitudes through a single function determined by an 
appropriate 5D integral of the Green's function of the five-dimensional equations of motion 
(EoM). 

Chiral Perturbation theory (%PT) is the effective field theory describing the low-energy 
interaction of the pseudo-Goldstone bosons which emerge from the spontaneous breaking 



of the chiral symmetry [15, 16]. The observables are obtained by a perturbative expansion 
in terms of the external momenta and the pseudoscalar mass, and involve a set of effective 
couplings [17-20]. However, these couplings of the low-energy theory are not fixed by the 
symmetry, but need to be determined through other procedures. In [9] we considered a 
set of holographic models without explicit chiral symmetry breaking, and computed all the 
LEC's of the 0(p & ) xPT Lagrangian in the absence of scalar-pseudoscalar sources. As the 
LEC's are independent of the quark masses, our results for the chiral couplings remain valid 
in the massive quark case. 

Here, using the 0(p 6 ) LEC determinations in [9], we carry out a phenomenological 
analysis of the 77 — > tttt reaction, as this matrix element depends on a transparent way 
on the C(p 6 ) LEC's [21-23]. We also study the low-energy polarizabilities {a\ +/3i) and 
(c*2 ± ^2), defined below, whose lowest chiral orders are determined by the pion Born term 
and the 0(p 4 ) one-loop alone, with no contribution from 0(p 4 ) LEC's [24]. The first 
tree-level contribution (in addition to the pion Born term) occurs at 0(p e ). Indeed, the 
polarizabilities (a\ + /3i) and (02 + P2) vanish at 0(p 2 ) and 0(p 4: ), starting the first non- 
vanishing contribution at 0(p®). All this makes these observables an interesting benchmark 
for the 0{p G ) LEC determination in [9]. We find that the relevant combinations of chiral 
couplings are fully determined by the anomalous Chern-Simons action and are universal 
for this kind of holographic models, since they are independent of the details of the 5D 
background [9]. In addition, we observe that the experimental 77 —> tttt cross section is 
reproduced even in the region away from the threshold. 

The article is organized as follows. In Sec. 2 we recall the holographic setup used to 
calculate the LEC and their relations. In Sec. 3 we show that a unique function appears in 
several tttt and 77 scattering amplitudes, so that relations can be worked out among these 
amplitudes and they can be experimentally tested. In Sec. 4 we study the polarizabilities 
in 77 — > tttt scattering, and compare the results obtained in our holographic approach to a 
few experimental and theoretical determinations. Then, we draw our conclusions. 

2 Holographic setup 

We restrict ourselves to a class of holographic models where chiral symmetry is realized 
nonlinear ly, through suitable boundary conditions. This class of models was proposed in 
ref. [10], developed in refs. [11-13], and further studied in refs. [1, 9]. The gauge group is 
U(n,f), and the 5D action is composed by the Yang-Mills (YM) and Chern-Simons (CS) 
terms, describing the intrinsic even-parity and the anomalous QCD sectors, respectively [10- 
13]: 

S = Sym + Sqs (2-1) 

with 

(2.2) 
(2.3) 



Sym = 


-/^Tr 


f 2 (z)F 2 + 1 T 2 


Scs = 


-*!<* 


AT 2 + % -A*T - ±A 5 





The fifth coordinate z runs from — zq to Zq, with < zq < +00. A(x, z) = Audx is the 
5D gauge field and F = dA — iA A A the field strength. In terms of the U(rif) generators 
t a , normalized as Tr[t a t b ] = 5 ab /2, they read: A = A a t a and F = F a t a . The coefficient 
K = JV c /(24vr 2 ) is fixed by the chiral anomaly of QCD [25, 26]. 

If the functions f 2 (z) and g 2 (z) in (2.2) are invariant under reflection z — > —z, parity 
can be properly defined in these models. In appendix B we provide the profiles of f(z) and 
g(z) for the flat metric [10], "Cosh" [10], Hard-Wall [12] and Sakai-Sugimoto models [11, 13] 
that are used below. 

As discussed in details in ref. [9], in (2.1) the QCD chiral symmetry is promoted to a 
5D gauge symmetry, with the possibility of naturally introducing the right- and left-handed 
current sources, r^{x) and i^,(x) respectively. The Goldstone bosons are contained in the 
A z component of the gauge field, and are described through the chiral field U, given by the 
Wilson line 

U{xP) = Pexp|i f ° A z (x^,z')dz'\. (2.4) 

This field transforms as 

U(x) -)> g R {x)U{x)g\{x) (2.5) 

with 5l(x) and gn(x) the left and right gauge transformations localized at z = —zq and 
z = zq, respectively The An components of the gauge fields contain vector and axial- vector 
resonances, since 

00 
A^x, z) = £ M (x)V- (z) + r M (xty + (z) + Y, B^(x)Mz) • (2-6) 

n=l 

The ultraviolet (UV) boundary conditions 

A^(x, -Zq) = t^{x) , A^(X, Zq) = r^(x) (2.7) 

are imposed. In Eq.(2.6) the functions ip±(z) = j(l± ipo(z)) are determined by the ipo(z) 
solution of the 5D EoM of the Au(x, z) gauge fields corresponding to the zero mode, with 
b.c.'s iPo(zLzq) = ±1. On the other hand, the ip n ( z ) correspond to the resonant modes with 
mass m n ; their b.c.'s are ip n (±ZQ) = 0. Under a suitable gauge transformation it is possible 
to set A z = 0, with the space-time components of the 5D field taking the form 

, x oo oo 

A,(X,Z) = iY^x) + ^pW) + J2 V »^n-l(z) +J2 a »^n(z) , (2.8) 

n=l n=l 

where the tensors Uu(x) and T^(x), commonly used in xPT [17, 18, 27, 28], naturally show 
up: 

u„ (x) = i {4 (x) (0„ - ir„) Cr (x) - 4 (x) (0„ - ii,) a (*)} (2.9) 

^ (x) = \ {i\ (x) (d, - ir>) C R (x) + el (x) (d, - ii M ) a (x)} , (2.10) 

with the non-linear realization u(x) = £,r(x) = C L (x) = exjp{iir a t a / F} . 



The 5D action can be expressed using the decomposition (2.8) of the 5D gauge fields 
in resonances and the non- linearly realized chiral Goldstone bosons [9, 11-13]. The result- 
ing 4D action terms relevant for our analysis contain operators with only Goldstones (see 
appendix A) and pieces with one resonance field i>™, together with the couplings b v n^ n , c v n 
and d v n: 

= _ ib^ r d A x{(y n_ v ^)kx]> + -.. (2.ii) 

1— res * — ' 4 / 

n J 

Scs _ = ^2 e^ ual3 d 4 x -jpC B »(«(iK'W)+jn( C »"" (i «")(''J' 1 A^) 

+ ... (2.12) 



with i>" = v^ a t a and the covariant tensor /"^ = C/j-^r vR + Cl^l ^ L P rovi< led by the 
left and right source field-strength tensors [17, 18, 27, 28]. The couplings are given by the 
integrals of the corresponding 5D wave functions: 

_ /■*> v^-^Ki-y^) 2 ) ^ 

Ov n irir — / 2( \ ' 

1 /' 2:0 

C„™ = -- / ^o(2)^ 2n -l(^) d ^ ; ( 2 -13) 



1 P 

d v n = - 1po{z) 2 4>'o( z ) 1p2n-l{z) dz . 

The primes denote derivative with respect to z. Using the EoM of ifr n (z) the relation 

c v n = gv n TT-ir (2-14) 

2 
777 

is obtained [9, 13], with g v n -K-K = ^ b v n nn the coupling between the vector resonance v n 

IF 1 
and a pion pair. This equation implies a connection between the v n — > tttt and v n — > 

7T7 decay widths which are determined by the couplings g v n n7T and c v n, respectively, and 
represents the key ingredient for the relations between amplitudes exploited in the following. 
Another important property in the considered models is that the vertex a n, K^j vanishes [9, 
12], therefore all the amplitudes studied below do not get contributions from the axial- vector 
resonances. 

One may wonder whether the relation (2.14) is experimentally fulfilled. The experi- 
mental results for the lightest vector mesons are [13] 

Qj|exp = 5. 81) , gpirnlexp — 5-99 , (2.15) 

determined from the measured u> — > vr°7 and p — > tttt decay rates, respectively [29]. On the 
other hand, in the holographic analysis in ref. [9] we found for the considered 5D models 
the results in Table 1, all close to the experimental data. In each case and all along the 
paper, the mass of the lightest vector meson m p = 776 MeV and the pion decay constant 
F = 87 MeV are taken as inputs to set the parameters of the 5D model [9]. Since the 
action (2.1) does not incorporate quark masses, all the interaction vertices are predicted in 



the chiral limit. This allows us to extract some relevant combinations of LEC's, as they are 
quark mass independent. However, in the computation of cross sections and decay widths 
we consider the physical pion mass in the phase-space factors, assuming that this captures 
the most important quark mass corrections. Likewise, no scalar states or resonances with 
spin S > 2 are included in the present analysis. 





Flat 


Cosh 


Hard-Wall 


Sakai-Sugimoto 


QpTTTV Cp 


5.11 


5.14 


5.13 


5.11 



Table 1. Couplings g p7r;r and c p determined in four holographic QCD models. 



3 Holographic description of scattering amplitudes 

3.1 7T7T scattering 

The ir a TT — > tt c it scattering amplitude is provided by the isospin decomposition 

A(TT a 7r b -> TT c Tr d ) = A{s, t, u)5 ab S cd + A(t, s, u)5 ac 5 bd + A(u, t, s)5 ad 5 bc , (3.1) 

with s = (Pa+Pb) 2 , t = (p a —Pc) 2 i u = (Pa—Pd) 2 and the Mandelstam relation s + t + u = 
in the massless pion limit. The holographic action yields the v n irir Lagrangian (2.11), in 
addition to direct tttt —¥ tttt vertices, giving the amplitude 



A(s,t,u) 



s 4Li((t - u) 2 - 3s 2 ) 



F l 



+ 



F J 



+E 



4F 4 



t 2 (t + 2s) u 2 (u + 2s 



2 j. ' 2 

m„,n — t mtn — u 



E« 



2 



t + 2s u + 2s 



2 . ' 2 _ 



obtained using the definition of g v ™ n7T together with the sum rules [9, 12] 

„ 4F 2 



E b l 



32Li 



E^ 



(3.2) 



(3.3) 



It is possible to express the 7T7r-scattering amplitude (3.2) in a holographic form, 



A(s, t, u) 



dz I dz t/j' (z)ip' (z') 

-20 J -Z0 



(t + 2s) G(-t; z, z) + (u + 2s) G(-u; z, z) 



(t + 2s) h(-t) + (u + 2s) h(-u) 



(3.4) 



in terms of the function h(Q 2 ) obtained from the integral of the Green's function G(Q 2 ; z, z') 
in the z (holographic) coordinate: 



h(Q 2 ) 



G(Q 2 ;z,z') = J2 



dz / dz'^ (z)^ (z')G(Q 2 ;z,z') 

z tt J —zo 

tpn(z)i>n(z') 



i K + Q z 



(3.5) 
(3.6) 



To rewrite (3.2) into (3.4) we made use of the relation in Eq. (2.14). It is useful to express 
the h(Q 2 ) function in terms of resonance exchanges, 

h(Q 2 ) = y 4 / vn ™ 2 = y 2 4c ' n 2 . (3.7) 

With the help of the sum-rules (3.3) the low-energy expansion can be worked out: 

W) = ^ - ^ + 32(C ' + F f 3) ° 4 + Om . (3.8) 

We also used the 0(p 6 ) relations {C x + 4C 3 ) = (3C 3 + C 4 ) = En i?4 ^^ 7r /(8^„) derived 
in [9]. The right low-energy expansion of the 7T7r-scattering amplitude at large Nq [16, 30] 
is recovered, 

PT _ a , 8Li (t 2 + n 2 - 2s 2 ) 8(Ci + 4C 3 )(t + u)(t 2 + tn + ^ 2 ) 8 

(3.9) 

Notice that, in the large- Nq limit, in the absence of other resonances, L2 and L3 are both 
related to the low-energy constant L\ [27]: L2/2 = — L3/6 = L\. In a similar way, at large- 
Nc one has C2 = and (C\ + 4C3) = (3C3 + C4) when just vector resonance exchanges 
are taken into account [28, 31]. This result provides a consistency check of the holographic 
derivation and of the determination in [9] of the 0(p & ) low energy constants. 

The large-Q 2 behavior of the function h(Q 2 ) also determines the high energy behavior 
of the scattering amplitudes. This can be obtained from the resonance expression (3.7), 
and depends on the convergence of the sum 

00 
H = J2 c 2 v n . (3.10) 

n=0 

As long as this sum converges, one has 

h(Q ) — ► — j . (3.11) 

Using the holographic expression for c„n, we can rewrite the sum as a 5D integral, 

H^£[#)l'^4£^. (3.2) 

For arbitrary background functions f 2 (z) and g 2 (z) this integral may diverge. However, 
if we restrict ourselves to the case when the kinetic coefficient Hi of the external sources 
in the 0(p 4 ) xPT Lagrangian is UV-divergent , we can prove in general that H. is finite, 
as shown in appendix A. This is true for all the models listed in appendix B, although 
the explicit values of the resonance parameters and of the sum are different in each case. 
For example, one has U = g 2 /2 = 4m 2 /(vr 2 F 2 ) and U = g 2 /3 = m 2 /(3F 2 ) for the Flat 



1 This requirement is not fulfilled in the flat model, but H is still finite in this model. 



and "Cosh" models, respectively. It is interesting to remark that, contrary to other matrix 
elements such as the two-point vector current correlation function, the short-distance power 
behavior is similar for models with very different backgrounds near the UV boundary. The 
reason may be that only when we take the momentum square of the external source to 
be large, as we usually do in the vector correlator and in form factors involving pions, we 
probe the ultraviolet region of the backgrounds. For instance, in the isospin 1 = 2 channel 
one has T 2 (s, t, u) = A(t, s, u) + A(u, t, s), and the large- s behaviour of the corresponding 
J = partial wave is 

T o(s) = --^- s f s (t + 2s)h(-t)dt '-=3? -?Lln^ + O(s ). (3.13) 

The parameter A is a finite hadronic scale arising from the integration. Thus, the residual 
logarithmic behavior found at high energies in the case of a finite number of vector ex- 
changes [31, 32] shows up also in holographic models, with an infinite tower of resonances. 
Calculations of higher partial waves give a similar logarithmic behavior. 

3.2 77 — >• 7T7T scattering 

We now analyze an observable for which the odd intrinsic-parity sector of the action plays 
a crucial role, the radiative process 77 — > tttt. We first perform a separate theoretical study 
of the neutral and charged modes. Nonetheless, our holographic description provides pretty 
similar structures for both of them. 

3.2.1 77 -)• 7r°vr 

The 7(^1, 61)7(^2, £2) - >■ 7 r°(pi)7r°(P2) scattering amplitude is described by two structure 
functions, A(s, t, it) 77- ^ and B(s,t,u)^^ 0ir °: 

jrrr+wW = e 2 ( e ^T«) x A{s, t, u) 77 "^ + e 2 (e^TJ i 2 }) x B{s, t, u) 77 ^"" . 

(3.14) 

The Lorentz structures are defined as (e^e^T^ ) = ^(e^) — (ei&:2)(e2&i) and (e^e^T^J) = 
2s(e 1 A)(e2A)-(t-u) 2 (e 1 e2)-2(t-u)[(e 1 A)(e2k 1 )-(e 1 k2)(e 2 A)}, with A»=p»-p% and 
€i the photon polarization vectors. 

In xPT, the neutral tttt channel has no contribution at 0(p 2 ), and at C(p 4 ) there 
is no tree-level, but only one-loop diagrams. Thus, at large-iVc* the contributions to the 
77 — > 7t tt amplitude start at 0(p 6 ) and read [21, 22] 



1 



A(M,«r" T - 7-^7 4(aimJ + a 2 s) + 0(E 4 



B( S ,t,u)^°*° = — b — 4 + 0(E 2 ), (3.15) 

(47T-T J 

with s,t,u,m 2 = 0{E 2 ). Since our holographic approach does not incorporate quark 
masses, the term with a\ is out of the reach of the present work, and we focus on ob- 
servables that do not contain it. In (3.15) the parameters 02 and b are combinations 



of LEC's. For three flavors and symmetry group SU(3), the electric charge matrix is 
Q=diag(2/3, —1/3, —1/3), and one finds the large-No low-energy parameters 



10 



(l 2 

b 



x 256ir*F z 8C 53 + 8C 55 + C 56 + C 57 + 2Cj 



-59 



10 



x 128Tr /i F z C 56 + C 57 + 2Q 



59 



(3.16) 



In the holographic calculation [9] we obtained predictions for the C(p 6 ) LEC's, which yield 
particularly simple expressions, 

2 



Go 



10 

y 



3N C F 2 J2 —, 



Tft„.n 

n v 



10 
~9~ 



xN, 



c 



10 x iVji^ v c 2 v 
9 2 ^ 



„ "V 



10 N r 

— x — ^ 

9 6 



(3.17) 



using the sum-rule J2 n c l n / m l" = En^"™/ 



m,. 



1/(3F 2 ) derived in [9]. 



At higher energy it is possible to express our holographic result for the massless quark 
case in terms of the same function h(Q 2 ): 



A(s,t,u) 



yy— >7r°-7r° 



02 



B(s,t,uY 



{A-nFf 

Q-2 

(4vrF) 4 

Q-2 
(4ttF) 4 

6 

(4^F) 4 

6 
(4^F) 4 

6 
(4ttF) 4 



(s-4t) 



E 



F 2 c 2 



+ (t o u) 



(a " 4i ) rf 



2 *-?* m^n — t 

F' 2 h(-t) + (ton 
o 

s + ^(8tu-5s 2 ) + 0(E 6 



(3.18) 



7?V 



m,, 

n V 



F 2 h(-t) + (t<*u) 



(3.19) 



with a2 and 6 given in Eq. (3.17) and the low-energy expansion of h(Q 2 ) in (3.8). We have 
kept the chiral expansion up to 0(p 8 ), as later we will analyze the polarizability (02 + h) 
which starts at that order at large- Nq. 

For Nc —7- 00 the strange quark does not play a role in this amplitude and our holo- 
graphic description yields the same prediction in U(2) and U(3). Moreover, since in the 
external legs we only have pions and non-singlet components in the electromagnetic gauge 
field (J£ m = J3 + 1 j8^ the ^(3) result is identical to the 577(3) one. It is clarifying to 
observe the 7 — > irV vertex obtained from the Lagrangian (2.12) in the S77(3) case, 



c = y, eJ ^- e p ^d n vr 



8tt 2 F 



y p v a 



cu° pY + a„7r+ P -' n + cu~ P p n + <v 



.0, ,71 



+ ... 

(3.20) 



coincides with the one found in previous approaches based on resonance Lagrangians [33, 
34]. 

If we restrict ourselves to SU{2) with Q=diag(l/2, — 1/2) (but allowing the SU{2) 
singlet resonance oj), all the p^' terms vanish and only the u resonance exchange survives. 
Thus, the 0(p 6 ) xPT contribution at large Nc [22], 

a 2 = 256vr 4 F 2 (sC 53 + 8C 55 + C 56 + C 57 + 2C 59 
b = - 128vr 4 F 2 (c 56 + C 57 + 2C 59 ] , (3.21) 

becomes [9] 

N 2 
a 2 = N c , h= ~§- ■ ( 3 - 22 ) 

Notice that we have used the SU(3) notation for the corresponding SU{2) couplings at large 
Nc- In SU(2) notation one would have to make the replacement C53 —> c 2 g, C55 —> C30, 
C56 ~~ > c 3i) C57 ~~ > c 32 and C59 —> C33 [19]. In the following phenomenological analysis we 
always consider the large- Nq estimates with the charge matrix Q=diag(2/3, —1/3, —1/3). 

3.2.2 77 -)• TT+TT- 

The charged pion mode contains the Born term at 0(p 2 ) in the chiral expansion, given 
by the pion exchange diagram. At 0(p 4 ) there is a tree-level contribution proportional to 
(L9 + L10) and one-loop diagrams. Hence, at large-iVc (where loop diagrams provide a 
subleading contribution) we have the chiral expansion [21-24]: 

8(L 9 + Lip) (aim 2 + a 2 s) t rntTr ^ 

F 2 + (AnF) 4 



A{s,t,u)^^ + ^ 


m 2 n 


1 1 

+ —2 

— t m n — u 


B(s,t,u)^ n+n ~ 


1 

" 2s 


1 1 

2 . ' 2 
_m n — t m n - 



-'- ^2 + /, ^4 ~ U \ tj )> 

+ (4^ + °^)' ^ 23 ) 

with s,t,u,m 2 = 0(E 2 ). In the three-flavor SU(3) case, 02 and b are given by the combi- 
nations of 0(p 6 ) LEC's, 

a 2 = ^ x 256vr 4 F 2 ( 8C53 - ^ x 8C55 + C 56 + C 57 - ^ x 2C 59 
9 \ 5 5 

9 9 9 

H x 4C 78 H x 8C 87 x 4C 88 

10 10 10 

10 .^. 4p2 /„ . „ 4 _ 9 



() x 128vr 4 F^ I C 56 + C 57 - - x 2C 59 - - x 4C 78 I . (3.24) 

Using the results for the 0(p e ) LEC's in [9], we obtain the low-energy predictions 



a 2 = -x3N 2 F 2 y^- = - 
9 c ^m 2 9 



x N, 



C ! 



9 X 2 ^ m 2 „ " 9 X 6 ■ (3 - 25) 



At higher energies it is possible to express the holographic result for massless quarks 
in terms of the function h(Q 2 ): 

■(s-4t) 



A(s,t,u 



j 77— yn^TT 



«2 

(4ttF) 

Q2 

" (4vrF) 4 

- Q 2 

" (4vrF) 4 
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??2 2 



a ^ 
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+ (tow) 



(* " 4t) r2 



F 2 h(-t) + (t++u) 



4Li 
^2" 



(8to-5s 2 ) + 0(£ 6 ) 



B(s,t,u 



yy—^Tr-t-Tr 



(4ttF) 4 
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(4vrF) 4 
6 



s + 

^E^ + ««»> 

F 2 h{-t) + (ton; 
12Lis 



-t CaiTO 



3 ^ 2i 



(4ttF) z 



1 



+ 0(£ 4 ) 



(3.26) 



where the 0(p 2 ) pion exchange term has been removed in A^^ 71 "" and W 1 ^ 71 n , the 
0(p 4 ) result Lg + L10 = has been used, and 02 and b are given in Eq. (3.25). 

As in the neutral channel, the strange quark does not play a role in this amplitude at 
large- Nq, and the holographic description yields the same prediction in £7(2), 5(7(3) and 
(7(3). However, if we restrict ourselves to SU(2) sources and take just the tripet component 
of the electromagnetic charge matrix Q=diag(l/2, —1/2) there is no vector exchange, and 
one finds [9, 23] 



«2 



256tt*F z 8C53 - 8C55 + C 56 + C 57 - 2C 59 + 4C 78 + 8C 87 - 4C 8 



0. 



128^ 4 i^ C 56 + C 57 - 2C 59 - 4C 78 



0. 



(3.27) 



In these two equations we have used the 5(7(3) notation for the corresponding 5(7(2) 
couplings; in 5(7(2) notation one should replace C53 — > C29, C55 — > C30, C56 — >• C31, C57 — >• 
C32, C59 -> c 33 , C 78 ->■ c 44 , C 87 -)• c 50 and C 88 -)■ C51 [19]. 

3.3 7 — > 7T + 7r 7T° amplitude 

The amplitude 7* — > 7r + 7r~7r is described in the form [35, 36] 

(0|J^|7r + (pi)7r-(p2)7r°(p3)> = ie, ua ^ lP ^ F^(q 2 ,s,t) , 



(3.28) 



with q = pi +P2+P3 and s = (p\ +P2) 2 , t = (pi +P3) 2 , u = (P2+P3) 2 (with s + t + u = q 2 
in the massless pion case). In the holographic models, the second term in Eq. (2.12) gives 
the direct coupling of the vector meson to three pions, which contributes to 7-" 37r (g 2 , s, t) for 
q 2 ^ 0. When the photon is on-shell (q 2 = 0) the amplitude has a simple structure in the 
chiral limit: 

?2 



F i7T (0,s,t) = T{ 



•Sir 



F l 



h(-s) + h(-t) + h(-u) 



(3.29) 
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with J^q 77 = 1 ^ 2 C F s [35, 36]. At low energies we recover the ChPT expression 



'37T 



•7^(0,5,*) = Jq w x 



1 + 0(E A ) 



(3.30) 



since the 0(E 2 ) term cancels due to the relation s + t + u = for massless pions. 

In principle, further analyses could be considered for the decay 7] — > j7r + ir~ . The study 
of this flavor structure might allow the extraction of information about the 0(p G ) couplings 
Cj^ 14 15 , relevant for this kind of radiative processes [36] . 

3.4 Relations among the scattering amplitudes through holography 

Before proceeding with the phenomenological analysis, it is interesting to summarize the 
holographic results for the massless quark limit, remarking how the various amplitudes are 
provided by the same Green's function integral h(Q 2 ). 

-k + it~ — > 7r°7r° scattering amplitude 



A(s,t,u) = - — -—^-h(-t) + (t-B-u) 



(3.31) 



77 — > tv ir amplitude 



A(s,t,u)~ 



B(s,t,u)" 



77— >ir°n 


0,2 

(4vrF) 4 
b 


[ (S - 4 ^( *) + « 

lF 2 h(-t) + (t*+u) 




•H- u) 




{A-rvFf 





(3.32) 



The amplitude with charged pions has the same structure, up to a global factor, with 
the addition of the Born pion-exchange term. 

7 — > 7r + 7r 7T° radiative process 



F d *(p,s,t) = -Fq 



3tt 



F z 



h(-s) + h(-t) + h(-u) 



(3.33) 



All the above scattering amplitudes are calculated in the 4D picture, i.e., using the 
resonances expansion. Since the results are all expressed in terms of the 5D Green's function, 
it would be interesting to see if they can be directly obtained from the five-dimensional 
action, a derivation still missing at present. 
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4 Polarizabilities and cross sections for 77 — >■ mi scattering 

The polarizabilities can be defined following the notations provided by Refs. [22, 23]. The 
helicity amplitudes are written as 

H ++ = A( Sl t,u)^™ + 2(4ml-s)B(s,t,u)' r ' r ^ n , 

8K-j«) B ^ ^^ 

s 
which determine the 77 — > tttt cross section 



2s 2 j t 



a =^T\ dtH(s,t), (4.2) 



with H = \H ++ \ 2 + \H + _\ 2 , t± = m\- |(1 =F /3{s)Z), /3(a) = y/l - 4ml/s, for scattering 
angles in the range |cos#| < Z < 1. The Mandelstam variables are £ = (pi — fci) 2 = 



??? 



f (1— /3(s) cos#) and u = (p2 — &i) = m w §(l+/3(s) cos 0), with fcrpi = |fei| \p±\ cos9. 
They obey the relation s + i + u = 2m 2 . 

At 0(p 2 ) in xPT the neutral channel is zero and the charged one is provided by the 
Born term, J 4 Born = 2 _ -\ — 2—- = 2 s B Bovn (Fig. la). This already provides a fairly good 

Tib— L 7T 

description of the experimental 77 — > ir + ir~ data as one can see in Fig. 2. In our holographic 
approach one also has vector resonance exchanges in the crossed channel (Fig. lc), although 
it is possible to observe in Fig. 2 that these corrections are tiny even at high energies. The 
neutral channel gets its first contribution at 0(p ) in the chiral expansion via one-loop 
diagrams (Fig. lb). No tree-level diagram contributes at this order, and the loops are UV 
finite. Hence, we have a competition between the dominant chiral order in 77 — > 7r°7r°, 
0(p 4 ), which is subleading in 1/Nq, and the dominant contribution at large— Nq, given 
by the vector exchanges and starting at 0(p & ). As one can see in Fig. 3, near threshold 
the one-loop 0(p 4 ) [24] contribution dominates, but as the energy increases the tree and 
loop diagrams interfere and the description improves at higher energies. We remark the 
importance of this interference, since just the resonance exchanges undervalue the cross 
section in the energy range below 800 MeV. Data from MARK-II [37], CELLO [38], Crystal 
Ball [39] and BELLE [40, 41] are compared to our theoretical estimates in Figs. 2 and 3. 
In particular, we provide the holographic results for the "Cosh" model; the results for the 
Hard- Wall model are practically identical and could not be distinguished in the plots. 

The low-energy expansion of the helicity amplitudes for t = m 2 provides the polariz- 
abilities [22, 23]: 



-H ++ (s,t = m 7 



A 77-Mnr + 2 {Aml - s)B^~ 



t=m1 



s->0 



(ai-ft) + -(a 2 -p 2 ) + 0(s 2 ) 



—H+- (s,t = m 2 n ) = — 8mlB^ 7 



t=m?L 



>0 



(«i+/3i) + ^(«2 + /3 2 ) + 0{s 2 ). (4.3) 
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a) 



b) 



c) 



Figure 1. Feynman diagrams for 77 — > irir: a) 0(p 2 ) and 0(p 4 ) tree-level (only in the charged 
channel), b) example of 0(p i ) loops, c) vector resonance exchanges (0(p 6 ) and higher in our 
holographic approach). No other resonance diagram contributes in our analysis. The wavy, solid 
and double lines stand for photons, pions and vector resonances, respectively. 



300 




300 



400 500 600 700 800 



9O0 1000 



V7 (MeV) 



Figure 2. 77 — » tt + it~ cross section compared to our large-JVc expressions. The dashed green 
line is obtained from the Born term with one-pion exchange, which is 0(p 2 ) in the xPT counting. 
In the holographic approach we have also vector exchanges, but their effect is essentially negligible 
even at high energies, as one can observe considering the full prediction in the "Cosh" model (solid 
blue curve). The data points are from MARK-II (circles) [37], CELLO (filled squares) [38], and 
BELLE experiment (empty squares) [40]. 



In the case of the charged pion amplitude, the Born term is subtracted when defining the 
polarizabilities. 
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The chiral expansion for the 77 — > ir ir polarizabilities are [22]: 



(«i - Pi)ifl 

(ai +^1)^0 

("2 - ^2)^0 
(a 2 + /3 2 ) 7r o 



a 1 



m*- (4 



VFf{~l + (* + W + °tf) Ws) ^ + OK)}, 



a m„ 



m^ (AnF) 4 
a 1 



i r + 0(p 6 ) loops) + 0(m£) 
156 



m^ ml(4-KF) 2 [ 45 
a 1 



+ (12^ - 246 r + 0(p 6 ) loops) 



m m 



(AttFY 



+ 0(mt: 



m n (4vrF) 



(0(p 6 ) loops) + 0{ml)\ 



(4.4) 



where the 0{m A \) and 0(m 2 ) terms at the end of each equation represent the contributions 
of 0(p 8 ) and higher in xPT. 

For the 77 — > ir + ir~ polarizabilities one has the chiral expansion [21, 23] 



(ai - ^1)^+ 
(ai + ^1)^+ 
(a 2 - ^2)tt+ 

(a 2 + /?2)7r+ 



a 1 



m n (A-kF) 
2 



l 2 ^ + K + 86 r ' + 0(p 6 ) loops) 



???; 



(4vrF) 



2 + 0(m*) f 



;(4^{ (8&r + ° (p6) loops) + ° (m ' } }' 

^ {2 + (12^-24^ + 0<jP) loops) ^ 
(0(p 6 ) loops) + 0(m\) 



a m 
m 

a 



2 + 0«, r • 



a 1 
m* (47rF) 



(4.5) 



S 40 

_V 

m 30 
O 

u 



20 






10 




300 400 500 (500 700 800 900 1000 



V7 (MeV) 



Figure 3. 77 — > 7r°7r° cross section. Data from Crystal Ball [39] (circles) and BELLE [41] (empty 
squares) are compared to the C(p 4 ) %PT expression, which comes only from one-loop diagrams 
(dashed green). If we add the resonance contributions from the holographic "Cosh" model, we 
obtain the solid blue curve. One can appreciate the relevance of the pion loops at low energies, 
together with the importance of its interference with the vector meson exchanges at higher energy. 
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with tc\ = 192 7r 2 (Lg( / u) + Lxo(m))- Again, the 0(m^) and 0(m 2 ) terms at the end of each 
equation represent the contributions of 0(p s ) and higher in x?T. Since the a% parameter is 
out of the reach in our massless quark holographic approach, we focus on the combinations 
(«i + /3i) and (a 2 ± fa)- 

At large Nc, in our holographic approach based on the m n — > limit, we have: 



H++(s,t = ml) ~ 



H+-(s,t = ml) 



(4vrF) 4 
bml 

(4vrF) 4 



I + ° {S2) 



*%> + ^) 



(4.6) 



This leads to the large Nc determinations of the polarizabilities, 
. n . a 8b ml _. o. 



a 8a 2 

m^ (4vrF) 4 



(«2 - fh) = — TTT^I + OfaiO > 



(a. +M=~- -^T- J^ + 0<™ 3 J , (4.7) 

where we used the holographic prediction a 2 = 6 b. Both the neutral and charged channels 
have the same structure and one must use the corresponding a 2 and b parameters. Notice 
that in the large Nc limit the polarizability (q 2 + /3 2 ) starts at 0(p 8 ). In real world, the 
leading tree-level 0(p 8 ) contribution obtained here competes with the 1/Nc suppressed 
C(p 6 ) loops. 

It is convenient to keep track of the different contributions, and observe at which chiral 
order each of the polarizabilities begins. The first non- vanishing contribution appears at 
0(p 4 ) and comes from one-loop diagrams. Indeed, only (a 2 — /3 2 ) is different from zero 
at this order, and the other polarizabilities (a± + f3\) and a 2 + /3 2 ) vanish [21-24]. The 
chiral expansion for (a\ + /3i) begins at 0(p e ) (loop+tree-level) [21-23]. The polarizability 
(a 2 + /3 2 ) also starts at this order but only via loops, since the first tree-level contribution 
appears at 0(p 8 ) [21-23]. 

At large Nc the first contribution to both («i + /3i) n o and (a 2 — /3 2 ) 7r o starts at 0(p G ). 
The polarizability (a 2 + ,$2)^0 is even more suppressed at large Nc, starting at 0(p s ). 
In Table 2 we see how the values of the polarizabilities evolve as we include higher chiral 
orders. In the first column we provide the one-loop 0(p 4 ) contributions [24] (the 0(p 2 ) pion 
Born term is explicitly removed in the charged channel definitions and absent in the neutral 
one). Then we add the lowest order contribution from tree-level resonance exchanges from 
our holographic Lagrangian, C(p 6 ) for (ai + Pi) and (a 2 — /3 2 ) and 0(p s ) in the case of 
(a 2 + /3 2 ). Finally, in the last column we also sum up the C(p 6 ) loop contribution. We 
provide three numbers: the first one is given by £3 and £4 from [22, 23] and the values of 
^1,2, A extracted from ii, 2 , 3, 9,10(^4) estimated from the "Cosh" model at /i = 770 MeV; the 
second one is similar but with ^1,2, A estimated from the Hard- Wall model; for the third 
number (in brackets) we have used the values of the 0(p 4 ) LEC's from [22, 23] in the 0(p e ) 
loop contribution. In the neutral channel one can see that the resonance contributions 
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seem to be slightly dominant with respect to the 0(p e ) loops. However, vector resonance 
exchanges in the 77 — > -k + it~ amplitude carry a 5 suppression factor and we found them 
of the same numerical size as the 0(p e ) loops. 

In Table 3 we compare the result in the last column of Table 2 to other determinations 
based on the Muskhelishvili-Omnes (MO) relation in terms of the 7T7r-scattering phase- 
shifts [43] and to the xPT computation at 0(p G ) [22, 23]. We obtain an overall agreement 
between the holographic determination and the MO and chiral computations. Further 
comparisons can be carried out with in previous experimental and theoretical results [42] 
collected in Table 4 

We remark again that in our computation we have considered the charge matrix 
Q=diag(g, — jj, — g) in the calculation of our large- iVc estimates of the LEC's. Nonetheless, 
we have found a relatively good numerical agreement with the next-to-next-to-leading order 
(NNLO) xPT calculations from Refs. [22, 23], which rather considered the SU(2) charge 
matrix Q=diag(^, — |). 





o( P A ) 


o( P 4 ) 

+ resonance 
(hologr.) 


0(p 4 ) 

+ reson. (hologr.) 

+ 0(p (s ) loops 


(ai + /?i) 7r o 





0.58 


0.75 ; 0.74 ; [0.69] 


(a 2 - #2)*-° 


20.73 


27.67 


30.18 ; 29.98 ; [34.65] 


(a 2 + /32),r<) 





-0.24 


-0.16 ; -0.17 ; [-0.20] 










(ai + /3i) 7r + 





0.06 


0.16 ; 0.16 ; [0.08] 


(a 2 - &)«+ 


11.96 


12.65 


14.23 ; 14.12 ; [17.08] 


(a 2 + /32),r+ 





-0.02 


0.03 ; 0.02 ; [-0.02] 



Table 2. Polarizabilities in units of 10 -4 fm 3 for ai, /?i, and 1CP 4 fm 5 for a.2, $2- They are provided 
at 0(p 4 ) in the second column whereas in the third column we add the resonance contribution from 
the holographic models, which begins at 0(p 6 ) for (a\ + /?i) and (a.2 — ^2), and at 0(p 8 ) in the 
^PT expansion for (a.2 — Z^)- The 0(p 6 ) loop contributions are finally added in the last column. 



5 Conclusions 

Following previous analyses [1, 9], we have determined a novel set of relations between 
QCD matrix elements using holographic models where chiral symmetry is broken through 
IR b.c.'s. We have focused on the scattering amplitudes of pions and photons, finding that 
the three processes mr — > tit:, 77 — > ttit and 7 — > ttttit involve a single scalar function h(Q 2 ). 
This function is given by a suitable 5D integral of the EoM Green's function and accepts 
the usual decomposition in terms of resonance exchanges. Furthermore, in the considered 
processes only the vector mesons contribute (scalars and resonances of spin S > 2 are not 
included in the present approach). 

In a detailed phenomenological analysis of 77 — > tttt we have found an overall agreement 
with the experimental cross section for a broad range of energy. Likewise, the computed 
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o( P 4 ) 

+ reson. (hologr.) 
+ 0{p 6 ) loops 


MO analysis 
[43] 


NNLO 

XPT 

[22, 23] 


(ai + /3i) 7r o 


0.75 ; 0.74 ; [0.69] 


1.22 ±0.12 ±0.03 


1.1 ±0.3 


(a 2 - ^2)^0 


30.18 ; 29.98 ; [34.65] 


32.1 ±0.9 ±1.9 


37.6 ±3.3 


(a 2 + ^2)^0 


-0.16 ; -0.17 ; [-0.20] 


-0.19 ±0.02 ±0.01 


0.04 










(ai + /3i),r+ 


0.16 ; 0.16 ; [0.08] 


0.19 ±0.09 ±0.03 


0.16 [0.16] 


(a 2 - ^2)^+ 


14.23 ; 14.12 ; [17.08] 


14.7 ±1.5 ±1.4 


16.2 [21.6] 


(a 2 + /3 2 ) 7r + 


0.03 ; 0.02 ; [-0.02] 


0.11 ±0.03 ±0.01 


-0.001 



Table 3. Our holographic predictions for the polarizabilities provided in the second column (same 
outcomes as in the last column in Table 2) compared to results from the MO representation [43] 
and to the NNLO xPT analyses [22, 23]. Units are the same as in Table 2. 





CELLO 
[38, 45] 


MARK-II 

[37, 45] 


Crystal 

Ball 
[39, 45] 


Vector 

exchanges 

[33, 34] 


Sum 

rules 

[44] 


(ai ±/3i) 7r o 






1.00 ±0.05 


0.83 


0.802 ± 0.035 


(a 2 - /3 2 ) 7r o 










39.72 ±8.01 


(a 2 + /3 2 ) 7r o 










-0.171 ±0.067 














(ai + Pi)n+ 


0.30 ± 0.04 


0.22 ±0.06 




0.07 


0.166 ±0.024 


(a 2 - f3 2 )n+ 










25.75 ± 7.03 


(a 2 + /3 2 ) 7r + 










0.121 ±0.064 



Table 4. Pion polarizabilities from experimental measurements [37-39, 45] and theoretical analy- 
ses [33, 34, 44]. Units are the same as in Table 2. 

polarizabilities at low energies show a fair agreement between the holographic approach, 
previous computations and experiment. 
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A Constraints on the background functions 

Here we provide constraints on the background functions f 2 (z) and g 2 (z). As proposed in 
ref. [10], these functions must be invariant under the reflection of z in order to properly 
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define the parity. More constraints come from the results for the low-energy constants. 

With the resonance decomposition of the gauge potential (2.6), up to 0(p ) the 5D 
Yang-Mills action reduces to the xPT Lagrangian [9, 11, 12]: 

- F 2 



S 2 [tt] + S 4 [tt] = fd 4 x 



i < UpVT > 



+Li < u^ > +L 2 < u^Uy >< u^u" > +L 3 < u^UvUv > 



r, ^ J+y.vJ+ < J—j-ivJ — 



(A.l) 



The low-energy constants in (A.l) are given by the 5D integrals 



F 2 = 4 



- zo Pi*) 



2 6 32j_ zo g*{z 

L -- L »-i/.-?w d *' (A ' 2) 



ffl = _iri±*i d3 . 



1° 

We demand that all these integrals except H\ are finite. For H±, which is the coefficient of 
the kinetic term of the external sources, we require it to be divergent. From the finiteness 
of the pion decay constant F we find the solution 

F 2 f z 1 
*>(*) = -y^ p^ dz > ( A - 3 ) 

which satisfies the equation of motion with boundary conditions ijjq(±zo) = ± 1. Since 
tjjo(z) is a monotonic function of z, we can choose it as the coordinate parameter through 
a coordinate transformation in z. Defining y = ipo(z), it is not difficult to find the new 
background functions 

2 2 f 2 (z(y)) 

together with the boundaries y = ±1. It turns out that this coordinate system is convenient 
in many respects, both for theoretical derivations and numerical calculations. In this coor- 
dinate system the integral for F becomes trivial, and the other integrals can be expressed 
as 

1 f 1 (i-y^ 2 



1 f 1 1 - y 2 

L9 = iL-m dv > (A - 5) 

1 f 1 1 + y 2 
g 2 (y) 



ff l = -o / !&7^ d V 
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Requiring that L\ and Lg are finite and H\ divergent, we get the constraint near the 
boundaries 

{l-y^f < ~g\y)<C(l-y 2 ) (A.6) 

with C a constant. Actually, the explicit boundary behavior of the function, g 2 (y), can 
be used to clarify the ultraviolet property of different models. Among the models shown 
in the next appendix, this function behaves as (1 — y 2 ) in the flat model, related to a 
convergent value of H\, while in the Sakai-Sugimoto model, it goes as (1 — y 2 ) 4 ' 3 . As for 
all the asymptotic anti-de Sitter backgrounds, the equality in the above relation is exactly 
satisfied, e.g., in the "cosh" and Hard- Wall models. 

In the new coordinate system, the quantity % defined in Eq. (3.12) simplifies as 

H = \j 9 2 (y)dy, (A.7) 

and, with the constraint (A.6), it is finite. 

B Holographic models 

We have used four different holographic models, defined by the functions f 2 (z) and g 2 (z) 
and by the value of zq. Here we list their details in each model. The expressions of the wave 
functions solutions of the equation of motion, and of other quantities like F, the couplings 
and the mass spectrum, can be found in the appendix of ref. [9]. 
"Flat" background [10]: 

f 2 (z) = ^ , g 2 (z)=g 2 , z = l. (B.l) 

"Cosh" model [10]: 

„o. , A 2 cosh 2 (,z) 9 . . 9 

f 2 (z) = g-Ai , g 2 (z) = g 2 , z = oo. (B.2) 

95 
"Hard-wall" model [12]: 

/ 2 ( z ) = ~r Fl\ ' 9 2 (z) = gU z o ~ M) , zo < oo. (B.3) 



"Sakai-Sugimoto" model [11, 13]: 

f\z) = A2(1 + * 2) , g 2 {z) = g 2 (l + z 2 )V3 , Zq = ^ ( B .4) 

95 

C Isospin and partial-wave projection in nir— scattering 

The amplitude A(s,t,u) provides the scattering amplitudes T 1 of modes with definite 
isospin 1 = 0, 1,2 [16, 30]: 
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T°(s, t, u) = SA(s, t, u) + A(t, s, u) + A(u, s, t) , 

T (s, t, u) = A(t, s, u) — A(u, s, t) , 

T 2 (s, t, u) = A(t, s, u) + A(u, s, t) ■ (C.l) 

In the isospin 1 = 2 amplitude, there are no resonances in the s-channel, only exchanges 
in the crossed channels. This simplifications makes the amplitude particularly interesting 
for the study of its partial waves, which in the massless quark limit have the form [16, 30] 



T'j(s) 



l" 

327TS 



^A, dtp '( i+ ?) r ' (M ' !,) 

i r 1 

—J dx Pj(x) T^s, - S (l - x)/2, - s (l + x)/2) 

i r 1 

— / dyP J (l-2 2 /)T / ( S ,-8 ? /,-8(l-y)), 

^ J 



64vr 

1 
32 



(C.2) 
with u = —s — t (in the chiral limit), y = (1 — x)/2 = —t/s and Pj the Legendre polynomials. 
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